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FALTINGS’ LOCAL-GLOBAL PRINCIPLE FOR THE FINITENESS OF
LOCAL COHOMOLOGY MODULES OVER NOETHERIAN RINGS
ALI AKBAR MEHRVARZ∗, REZA NAGHIPOUR AND MONIREH SEDGHI
Abstract. Let R denote a commutative Noetherian (not necessarily local) ring, a an
ideal ofR andM a finitely generatedR-module. The purpose of this paper is to show that
fna (M) = inf{0 ≤ i ∈ Z| dimH
i
a(M)/N ≥ nfor any finitely generated submodule N ⊆
Hia(M)}, where n is a non-negative integer and the invariant f
n
a (M) := inf{faRp(Mp) | p ∈
SuppM/aM and dimR/p ≥ n} is the n-th finiteness dimension of M relative to a. As
a consequence, it follows that the set
AssR(⊕
fn
a
(M)
i=0 H
i
a(M)) ∩ {p ∈ SpecR| dimR/p ≥ n}
is finite. This generalizes the main result of Quy [10], Brodmann-Lashgari [5] and
Asadollahi-Naghipour [1].
1. Introduction
Let R be a commutative Noetherian ring, a an ideal of R, and M a finitely generated
R-module. An important theorem in local cohomology is Faltings, Local-global Principle
for the finiteness of local cohomology modules ([8, Satz 1]) which states that for a positive
integer r the Rp-module H
i
aRp
(Mp) is finitely generated for all i < r and for all p ∈ SpecR
if and only if the R-module H ia(M) is finitely generated for all i < r.
Another formulation of Faltings, Local-global Principle, particularly relevant for this
paper, is in terms of the finiteness dimension fa(M) of M relative to I, where
fa(M) := inf{i ∈ N : H ia(M) is not finitely generated},
with the usual convention that the infimum of the empty set of integers is interpreted
as ∞. Bahmanpour et al., in [4], introduced the notion of the n-th finiteness dimension
fna (M) of M relative to I by
fna (M) := inf{faRp(Mp) : p ∈ SuppM/aM and dimR/p ≥ n}.
More recently, Asadollahi and Naghipour in [1], introduced the class of in dimension < n
modules, and they showed that, if (R,m) is a complete local ring, a an ideal of R and M
a finitely generated R-module, then for any n ∈ N0,
fna (M) = inf{0 ≤ i ∈ Z|H
i
a(M) is not in dimension < n}.
In this paper, we eliminate the complete local hypothesis entirely by proving the fol-
lowing:
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Proposition 1.1. Let R be a Noetherian ring, a an ideal of R and M a finitely generated
R-module. Then for any n ∈ N0,
fna (M) = inf{0 ≤ i ∈ Z|H
i
a(M)is not in dimension < n}.
The proof of Proposition 1.1 is given in Theorem 2.10. Pursuing this point of view
further we establish the following consequence of Proposition 1.1.
Theorem 1.2. Let R be a Noetherian ring and a an ideal of R. Let n be a non-negative
integer and M a finitely generated R-module. Then the R-modules ExtjR(R/a, H
i
a(M))
are in dimension < n for all i < fna (M) and all integers j. Moreover, the R-modules
ExtjR(N,H
fna (M)
a (M)) are in dimension < n, for each finitely generated R-module N with
support in V (a) and j = 0, 1.
As a consequence of Proposition 1.1 and Theorem 1.2, we derive the following, which
is a generalization of the main result of Quy [10, Theorem 3.2] and Brodmann-Lashgari
[5, Theorem 2.2].
Corollary 1.3. Let R be a Noetherian ring, a an ideal of R and M a finitely generated
R-module. Then for any n ∈ N0, the set
AssR(⊕
fna (M)
i=0 H
i
a(M)) ∩ {p ∈ SpecR| dimR/p ≥ n},
is finite.
Another consequence of Proposition 1.1 shows that the first non-minimax (resp. non-
skinny) local cohomology modules H ia(M) of a finitely module M over a Noetherian ring
R with respect to an ideal a is fna (M) = inf{0 ≤ i ∈ Z|H
i
a(M) is not in dimension < 1}
(resp. fna (M) = inf{0 ≤ i ∈ Z|H
i
a(M) is not in dimension < 2}).
Throughout this paper, R will always be a commutative Noetherian ring with non-zero
identity and a will be an ideal of R. For an R-module L, the i-th local cohomology module
of L with support in V (a) is defined as:
H ia(L) = lim−→
n≥1
ExtiR(R/a
n, L).
Local cohomology was defined and studied by Grothendieck. We refer the reader to [6]
or [9] for more details about local cohomology.
For a non-negative integer n, an R-module M is said to be in dimension < n if there is
a finitely generated submodule N of M such that dimM/N < n. By a skinny or weakly
Laskerianmodule, we mean an R-moduleM such that the set AssRM/N is finite, for each
submodule N of M (cf. [12] or [7]). Moreover, an R-module M is said to be minimax, if
there exists a finitely generated submodule N ofM , such thatM/N is Artinian. The class
of minimax modules was introduced by H. Zo¨schinger [14] and he has given in [14, 15]
many equivalent conditions for a module to be minimax.
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2. Main Results
In [10] , P. H. Quy introduced the class of FSF modules and he has given some properties
of this modules. The R-moduleM is said to be a FSF module if there is a finitely generated
submodule N of M such that the support of the quotient module M/N is finite. When
R is a Noetherian ring, it is clear that, if M is FSF, then dimSuppM/N ≤ 1. This
motivates the following definition.
Definition 2.1. Let n be a non-negative integer. An R-moduleM is said to be in dimen-
sion < n, if there is a finitely generated submodule N ofM such that dimSuppM/N < n.
Remark 2.2. Let n be a non-negative integer and let M be an R-module.
(1) if n = 0, then M is in dimension < n if and only if M is Noetherian.
(2) If M is minimax, then M is in dimension < 1. In particular, if M is Noetherian
or Artinian, then M is in dimension < 1.
(3) If M is FSF, then M is in dimension < 2.
(4) If M is skinny, then M is in dimension < 2, by [3, Theorem 3.3].
(5) If M is reflexive, then M is in dimension < 1.
(6) If M is linearly compact, then M is in dimension < 1.
Definition 2.3. If T is an arbitrary subset of SpecR and n ∈ N0, then we set
(T )≥n := {p ∈ T | dimR/p ≥ n}.
Definition 2.4. Let R be a Noetherian ring, a an ideal of R and M an R-module. For
any non-negative integer n, we define
hna (M) := inf{0 ≤ i ∈ Z : H
i
a(M) is not in dimension < n}.
Lemma 2.5. Let R be a Noetherian ring, n a non-negative integer and L an R-module
such that dimL ≥ n. If there is a submodule L′ of L such that dimL/L′ ≥ n, then
∩p∈(AssR L)≥np ⊆ ∩p∈(AssR L/L′)≥np.
Proof. Let p ∈ (AssR L/L
′)≥n. Then p ∈ SuppL, and so there exists q ∈ AssR L such
that q ⊆ p. Therefore q ∈ (AssR L)≥n, and thus
∩p∈(AssR L)≥np ⊆ q ⊆ p.
This completes the proof. 
Lemma 2.6. Let R be a Noetherian ring, n a non-negative integer and L an R-module
in dimension < n. Then the set (AssR L)≥n is finite.
Proof. Since L is in dimension < n, it follows from the definition that there is a finitely
generated submodule L′ of L such that dimSuppL/L′ < n. Now, from the exact sequence
0 −→ L′ −→ L −→ L/L′ −→ 0
we obtain
(AssR L)≥n ⊆ (AssR L
′)≥n ∪ (AssR L/L
′)≥n.
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As dimSuppL/L′ < n, it follows that (AssR L/L
′)≥n = ∅. Thus
(AssR L)≥n ⊆ (AssR L
′)≥n,
and so the set (AssR L)≥n is finite. 
Lemma 2.7. Let R be a Noetherian ring, s a non-negative integer, M a finitely generated
R-module and a an ideal of R. Let x = x1, . . . , xs ∈ a be an M-regular sequence. Then
fa(M) ≤ s+ fa(M/xM).
Proof. The assertion follows easily by induction on s. 
Corollary 2.8. Let R be a Noetherian ring, s non-negative integer, M a finitely generated
R-module and a an ideal of R. Let x = x1, . . . , xs ∈ a be an M-regular sequence. Then
for any n ∈ N0,
fna (M) ≤ s+ f
n
a (M/xM).
Proof. The assertion follows from the definition of fna (M) and induction on s. 
The following proposition which plays a key role in this paper will serve to shorten the
proof of the main theorems.
Proposition 2.9. Let R be a Noetherian ring, n a non-negative integer, M a finitely
generated R-module and a an ideal of R. Then for all i < fna (M), the R-module H
i
a(M)
is in dimension < n.
Proof. We show that H ia(M) is in dimension < n by induction on i. The case i = 0 is
clear, because H0a (M) is finitely generated. So suppose that i > 0 and that the result
has been proved for smaller values of i. By this inductive assumption, Hja(M) is in
dimension < n for j = 0, 1, . . . , i − 1, and it only remains for us to prove that H ia(M) is
in dimension < n. To this end, it follows from [6, Corollary 2.1.7 and Lemma 2.1.2] that
H ia(M)
∼= H ia(M/H
0
a (M)) and M/H
0
a (M) is an a-torsion-free R-module. Hence we can
(and do) assume that M is an a-torsion-free R-module.
We now use [6, Lemma 2.1.1] to deduce that a contains an element x which isM-regular.
Let t ∈ N. Then the exact sequence
0 −→M
xt
−→ M −→M/xtM −→ 0
induces a long exact sequence
· · · −→ H ia(M)
xt
−→ H ia(M) −→ H
i
a(M/x
tM) −→ H i+1a (M)
xt
−→ H i+1a (M) −→ · · · ,
and so we obtain the exact sequence
0 −→ H i−1a (M)/x
tH i−1a (M) −→ H
i−1
a (M/x
tM) −→ (0 :Hia(M) x
t) −→ 0. (†)
Since by Corollary 2.8,
fna (M) ≤ 1 + f
n
a (M/x
tM),
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it follows from the inductive hypothesis that the R-module Hja(M/x
tM) is in dimension
< n, for all 0 ≤ j ≤ i− 1.
Now, in order to show that H ia(M) is in dimension < n, suppose the contrary is true.
Then, as H i−1a (M/x
tM) is in dimension < n, it follows from the exact sequence (†) that
the R-module (0 :Hia(M) x
t) is in dimension < n. Therefore, in view of Lemma 2.6 the set
(AssR(0 :Hia(M) x
t))≥n is finite. Consequently the set (AssRH
i
a(M))≥n is also finite. Let
(AssRH
i
a(M))≥n = {p1, . . . , pr}.
Then, in view of the definition, the Rpj -module (H
i
a(M))pj is finitely generated for all
1 ≤ j ≤ r. Thus for all 1 ≤ j ≤ r, there exists a finitely generated submodule Nj of
H ia(M) such that (H
i
a(M))pj = (Nj)pj . Set K1 = N1 + · · · + Nr. Then K1 is a finitely
generated submodule of H ia(M) and we have
(AssRH
i
a(M)/K1)≥n ∩ (AssRH
i
a(M))≥n = ∅.
Since K1 is a finitely generated submodule of H
i
a(M), it follows that there exists a non-
negative integer l such that K1 ⊆ (0 :Hia(M) x
l), and so
(K1 :Hia(M) x) ⊆ (0 :Hia(M) x
l+1).
Now as the R-module (0 :Hia(M) x
l+1) is in dimension < n, it follows that the R-module
(K1 :Hia(M) x)/K1 is in dimension < n. Therefore, using again the above method, we see
that the set (AssR(H
i
a(M)/K1)≥n is finite. Since
(AssRH
i
I(M)/K1)≥n ∩ (AssRH
i
a(M))≥n = ∅,
it follows from Lemma 2.5 that
∩p∈(AssR Hia(M))≥np $ ∩p∈(AssR Hia(M)/K1)≥np.
By using the method used in the above, there is a finitely generated submodule K2/K1
of H ia(M)/K1 such that
(AssRH
i
a(M)/K2)≥n ∩ (AssRH
i
a(M)/K1)≥n = ∅,
and so
∩p∈(AssR Hia(M)/K1)≥np $ ∩p∈(AssR Hia(M)/K2)≥np.
Proceeding in the same way we can find a chain of ideals of R,
∩p∈(AssR Hia(M))≥np $ ∩p∈(AssR Hia(M)/K1)≥np $ ∩p∈(AssR Hia(M)/K2)≥np $ . . . ,
which is not stable. Consequently, H ia(M) is in dimension < n, as required. 
Now we are prepared to state and prove the first main result of this paper, which
shows that the least integer i such that H ia(M) is not in dimension < n, equals to
inf{faRp(Mp) | p ∈ SuppM/aM and dimR/p ≥ n}. This generalizes the main result
of Asadollahi-Naghipour [1].
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Theorem 2.10. Let R be a Noetherian ring, a an ideal of R and M a finitely generated
R-module. Then for any non-negative integer n,
fna (M) = h
n
a (M).
Proof. The assertion follows from the definition and Proposition 2.9. 
As a first application of Theorem 2.10, we show that the first non-minimax (resp.
non-skinny) local cohomology modules H ia(M) of a finitely module M over a Noetherian
ring R with respect to an ideal a is h1a(M) (resp. h
2
a(M)).
Corollary 2.11. Let R be a Noetherian ring, a an ideal of R and M a finitely generated
R-module. Then
(i) h1a(M) = inf{i ∈ N0 | H
i
a(M) is not minimax}.
(ii) h2a(M) = inf{i ∈ N0 | H
i
a(M) is not skinny}, whenever R is semilocal.
Proof. (i) follows from [4, Corollary 2.4] and Theorem 2.10. To prove (ii) use [4, Propo-
sition 3.7] and Theorem 2.10. 
Proposition 2.12. Let R be a Noetherian ring and n a non-negative integer. Let
0 −→M ′ −→M −→M ′′ −→ 0
be an exact sequence of R-modules. Then M is in dimension < n if and only if M ′ and
M ′′ are both in dimension < n.
Proof. We may suppose for the proof thatM ′ is a submodule ofM and thatM ′′ = M/M ′.
If M is in dimension < n, then it is easy to verify that M ′ and M/M ′ are in dimension
< n. Now, suppose that M ′ and M/M ′ are in dimension < n. Then there exists a
finitely generated submodule T of M ′ such that dimSuppM ′/T < n. Let N ′ = M ′/T
and N =M/T . Then we obtain the exact sequence
0 −→ N ′ −→ N −→ N/N ′ −→ 0,
where dimSuppN ′ < n and N/N ′ is in dimension < n, (note that N/N ′ ∼= M/M ′).
Now, since N/N ′ is in dimension < n it follows from the definition that there is a finitely
generated submodule L/N ′ of N/N ′ such that dimSuppN/L < n. As L/N ′ is finitely
generated, it follows that L = N ′ + K for some finitely generated submodule K of L.
Then it follows from L/K ∼= N ′/K ∩ N ′ that dim SuppL/K < n. Therefore the exact
sequence
0 −→ L/K −→ N/K −→ N/L −→ 0
implies that dimSuppN/K < n. Consequently N is in dimension < n. Since N = M/T ,
it follows that K = S/T for some submodule S of M containing T . As T and K are
finitely generated, we deduce that S is also finitely generated. Now Because
M/S ∼= (M/T )/(S/T ) = N/K,
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it yields that dimSuppM/S < n, and so by definition, M is in dimension < n and the
claim is true. 
Before bringing the next results, let us recall that a full subcategory S of the category
of R-modules is called a Serre subcategory, when it is closed under taking submodules,
quotients and extensions. One can easily check that the subcategories of, finitely gener-
ated, minimax, skinny, and Matlis reflexive modules are examples of Serre subcategory.
The following result provides a new class of Serre subcategory.
Corollary 2.13. For any non-negative integer n, the class of in dimension < n modules
over a Noetherian ring R consists a Serre subcategory of the category of R-modules.
Proof. The assertion follows immediately from Proposition 2.12. 
Corollary 2.14. Let R be a Noetherian ring and n a non-negative integer. Then any
quotient of an in dimension < n module, as well as any finite direct sum of in dimension
< n modules, is in dimension < n.
Proof. The assertion follows from definition and Proposition 2.12. 
Corollary 2.15. Let R be a Noetherian ring, a an ideal of R and M a finitely generated
R-module. For a non-negative integer n, let t = fna (M). Then for each submodule N of
⊕t−1i=0H
i
a(M), the set
(AssR(⊕
t−1
i=0H
i
a(M)/N))≥n
is finite.
Proof. Since by Proposition 2.9, ⊕t−1i=0H
i
a(M)/N is in dimension < n, the assertion follows
from Lemma 2.6. 
Corollary 2.16. Let R be a Noetherian ring and n a non-negative integer. LetM,N be R-
modules such that M is finitely generated and N is in dimension < n. Then ExtiR(M,N)
and TorRi (M,N) are in dimension < n modules for all i. In particular, for any ideal a of
R, the R-modules ExtiR(R/a, N) and Tor
R
i (R/a, N) are in dimension < n, for all i.
Proof. As R is Noetherian and M is finitely generated, it follows that M possesses a free
resolution
F• : · · · → Fs → Fs−1 → · · · → F1 → F0 → 0,
whose free modules have finite ranks.
Thus ExtiR(M,N) = H
i(HomR(F•, N)) is a subquotient of a direct sum of finitely many
copies of N . Therefore, it follows from Corollary 2.14 that ExtiR(M,N) is in dimension
< n for all i ≥ 0. By using a similar proof as above we can deduce that TorRi (M,N) is in
dimension < n for all i ≥ 0. 
The following proposition is needed in the proof of the second main theorem of this
section.
8 ALI AKBAR MEHRVARZ, REZA NAGHIPOUR AND MONIREH SEDGHI
Proposition 2.17. Let R be a Noetherian ring and n a non-negative integer. Let M be a
finitely generated R-module and N an arbitrary R-module. Let t be a non-negative integer
such that ExtiR(M,N) is in dimension < n for all i ≤ t. Then for any finitely generated
R-module L with SuppL ⊆ SuppM , ExtiR(L,N) is in dimension < n for all i ≤ t.
Proof. Since SuppL ⊆ SuppM , it follows from the Gruson’s Theorem (cf. [13, Theorem
4.1]), that there exists a chain
0 = L0 ⊂ L1 ⊂ · · · ⊂ Lk = L,
such that the factors Lj/Lj−1 are homomorphic images of a direct sum of finitely many
copies of M . Now consider the exact sequences
0→ K → M r → L1 → 0
0→ L1 → L2 → L2/L1 → 0
...
0→ Lk−1 → Lk → Lk/Lk−1 → 0,
for some positive integer r.
Now from the long exact sequence
· · · → Exti−1R (Lj−1, N)→ Ext
i
R(Lj/Lj−1, N)→ Ext
i
R(Lj , N)→ Ext
i
R(Lj−1, N)→ · · · ,
and an easy induction on k, it suffices to prove the case when k = 1.
Thus there is an exact sequence
0→ K → M r → L→ 0 (∗)
for some r ∈ N and some finitely generated R-module K.
Now, we use induction on t. First, HomR(L,N) is a submodule of HomR(M
r, N); hence
in view of assumption and Corollary 2.14, Ext0R(L,N) is in dimension < n. So assume
that t > 0 and that ExtjR(L
′, N) is in dimension < n for every finitely generated R-module
L′ with SuppL′ ⊆ SuppM and all j ≤ t − 1. Now, the exact sequence (∗) induces the
long exact sequence
· · · → Exti−1R (K,N)→ Ext
i
R(L,N)→ Ext
i
R(M
r, N)→ · · · ,
so that, by the inductive hypothesis, Exti−1R (K,N) is in dimension < n for all i ≤ t. On
the other hand, according to Corollary 2.14,
ExtiR(M
r, N) ∼=
r
⊕ ExtiR(M,N)
is in dimension < n. Therefore, it follows from Proposition 2.12 that ExtiR(L,N) is in
dimension < n for all i ≤ t, and this completes the inductive step. 
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Corollary 2.18. Let R be a Noetherian ring and a an ideal of R. Assume that t, n are
non-negative integers. Then, for any R-module M the following conditions are equivalent:
(i) ExtiR(R/a,M) is in dimension < n for all i ≤ t.
(ii) For any ideal b of R with b ⊇ a, ExtiR(R/b,M) is in dimension < n for all i ≤ t.
(iii) For any finitely generated R-module N with Supp(N) ⊆ V (a), ExtiR(N,M) is in
dimension < n for all i ≤ t.
(iv) For any minimal prime ideal p over a, ExtiR(R/p,M) is in dimension < n for all
i ≤ t.
Proof. In view of the Proposition 2.17, it is enough to show that (iv) implies (i). To
do this, let p1, . . . , ps be the minimal primes of a. Then, by assumption the R-modules
ExtiR(R/pj,M) are in dimension < n for all j = 1, 2, . . . , s. Hence by Corollary 2.14,
⊕sj=1Ext
i
R(R/pj,M)
∼= ExtiR(⊕
s
j=1R/pj,M)
is in dimension < n. Since Supp(⊕sj=1R/pj) = SuppR/a, it follows from Proposition 2.17
that ExtiR(R/a,M) is in dimension < n, as required. 
Following we let S denote a Serre subcategory of the category of R-modules.
Lemma 2.19. Let R be a Noetherian ring and a an ideal of R. Let s be a non-negative
integer and M an R-module such that ExtsR(R/a,M) ∈ S. If Ext
j
R(R/a, H
i
a(M)) ∈ S for
all i < s and all j ≥ 0, then HomR(R/a, H
s
a(M)) ∈ S.
Proof. See [2, Theorem 2.2]. 
Proposition 2.20. Let R be a Noetherian ring and a an ideal of R. Let s be a
non-negative integer and let M be an R-module such that Exts+1R (R/a,M) ∈ S. If
ExtjR(R/a, H
i
a(M)) ∈ S for all i < s and all j ≥ 0, then Ext
1
R(R/a, H
s
a(M)) ∈ S.
Proof. We use induction on s. Let s = 0. Then the exact sequence
0 −→ Γa(M) −→ M −→M/Γa(M) −→ 0,
induces the exact sequence
HomR(R/a,M/Γa(M)) −→ Ext
1
R(R/a,Γa(M)) −→ Ext
1
R(R/a,M).
As HomR(R/a,M/Γa(M)) = 0 and Ext
1
R(R/a,M) ∈ S, it follows that Ext
1
R(R/a,Γa(M))
is also in S.
Now suppose inductively that s > 0 and that the assertion holds for s−1. Again using
the exact sequence
0 −→ Γa(M) −→ M −→M/Γa(M) −→ 0,
for all j ≥ 0, we obtain the following exact sequence,
ExtjR(R/a,M) −→ Ext
j
R(R/a,M/Γa(M)) −→ Ext
j+1
R (R/a,Γa(M)).
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Now since by assumption, Exts+2R (R/a,Γa(M)) and Ext
s+1
R (R/a,M) are in S, it follows
that Exts+1R (R/a,M/Γa(M)) ∈ S. Also, it follows easily from assumption and [6, Corol-
lary 2.1.7] that
ExtjR(R/a, H
i
a(M/Γa(M))) ∈ S
for all i < s and all j ≥ 0. Therefore we may assume that Γa(M) = 0.
Next, let ER(M) denote the injective hull ofM . Then Γa(ER(M)) = 0, and so it follows
from the exact sequence
0 −→M −→ ER(M) −→ ER(M)/M −→ 0,
that H i+1a (M)
∼= H ia(ER(M)/M) for all i ≥ 0. Also, as HomR(R/a, ER(M)) = 0, it yields
that
ExtjR(R/a, ER(M)/M
∼= Ext
j+1
R (R/a,M),
for all j ≥ 0. Consequently the R-module ER(M)/M satisfies our condition hypothesis.
Thus
Ext1R(R/a, H
s−1
a (ER(M)/M)) ∈ S,
and so the assertion follows from Hsa(M)
∼= Hs−1a (ER(M)/M). 
We are now ready to state and prove the second main result of this paper which is a
generalization of the main result of Quy [10, Theorem 3.2] and Brodmann-Lashgari [5,
Theorem 2.2].
Theorem 2.21. Let R be a Noetherian ring, a an ideal of R and M a finitely generated
R-module. For a non-negative integer n, let t = fna (M). Then the following statements
hold:
(i) The R-modules ExtiR(R/a, H
i
a(M)) are in dimension < n for i = 0, 1, . . . , t− 1 and
all integers j.
(ii) The R-modules HomR(R/a, H
t
a(M)) and Ext
1
R(R/a, H
t
a(M)) are in dimension < n.
(iii) For each finitely generated R-module N with Supp(N) ⊆ V (a) the R-modules
ExtjR(N,H
i
a(M)) are in dimension < n for all i = 0, 1, . . . , t− 1 and for all integers j.
(iv) The set (AssR(H
t
a(M)))≥n is finite.
(v) The set AssR(⊕
t
i=0H
i
a(M)/K)≥n is finite, for any finitely generated submodule K of
⊕ti=0(H
i
a(M).
Proof. (i) This follows immediately from Proposition 2.9 and Corollary 2.16. In order to
show (ii) use part (i), Lemma 2.19, Theorem 2.10 and Proposition 2.20. Part (iii) follows
from Proposition 2.17 and part (i). Moreover, (iv) follows readily from Lemma 2.6, part
(ii) and the fact that
AssR HomR(R/a, H
t
a(M)) = AssRH
t
a(M).
Finally, (v) follows easily from Corollary 2.15, part (iv) and the exact sequence
HomR(R/a,⊕
t
i=0H
i
a(M)) −→ HomR(R/a,⊕
t
i=0H
i
a(M)/K) −→ Ext
1
R(R/a, K).

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The paper ends a result about the finiteness Bass numbers of a certain local cohomol-
ogy modules. Recall that for any prime ideal p of R and an R-module L, the i-th Bass
number µi(p, L) is defined to be dimk(p) Ext
i
Rp(k(p), Lp), where k(p) = Rp/pRp.
Corollary 2.22. Let R be a Noetherian ring, a an ideal of R and M a finitely generated
R-module. For a non-negative integer n, let t = hna (M). Let p ∈ SpecR be such that
dimR/p ≥ n. Then
(i) The Bass numbers µj(p, H ia(M)) are finite for all 0 ≤ i ≤ t− 1 and all integers j.
(ii) The Bass numbers µj(p, H ta(M)) are finite for j = 0, 1.
Proof. The part (i) follows from Theorem 2.10 and the fact that the Bass numbers of
finitely generated modules are finite. Also, (ii) follows from Theorem 2.10 and [11, Corol-
lary 3.5]. 
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